Abstract. For an odd prime p, we show that the p-primary homotopy exponent of Harper's rank 2 finite mod-p H-space Kp is p p 2 +p . We then use this to show that the 3-primary homotopy exponent of each of the exceptional Lie groups F 4 and E 6 is 3 12 .
Introduction
Localize spaces and maps at an odd prime p. The homotopy exponent of a space X is the least power of p which annihilates the p-torsion in π * (X). We write this as exp(X) = p r , or if the prime deserves extra emphasis, we instead write exp p (X) = p r . Harper [H] constructed a rank 2 finite mod-p H-space K p which is analogous to the Lie group G 2 at the prime 2, as
with P 1 (x) = y and β(y) = z. We show: [D1] has shown that K p has v 1 -periodic homotopy groups of order p p 2 +p . As the v 1 -periodic homotopy groups of any space X represent actual summands in π * (X), these calculations
give lower bounds for the homotopy exponents. We approach the problem from the other side and find upper bounds for the homotopy exponents of matching order.
One interesting consequence of Theorem 1.1 concerns the exceptional Lie groups F 4 and E 6 at the prime 3. These are both examples of a torsion Lie group, that is, a Lie group which has torsion in its mod-p cohomology. For the compact simple Lie groups, the torsion cases are F 4 , E 6 , E 7 , and E 8 at the prime 3, and E 8 at the prime 5. Harper [H] has shown that there is a 3-local equivalence (11, 15), where B(11, 15 ) is a spherically resolved space. Harris [Hs] has shown there is a 3-local equivalence E 6 F 4 × (E 6 /F 4 ), while Bendersky and Davis [BD] have shown that [DM] showed there is an integral homotopy fibration S 7 −→ ΩW −→ ΩS 23 which splits if p ≥ 5. Bendersky and Davis [BD] showed that when p = 3, there is a homotopy equivalence ΩW ΩJ 2 (S 8 ), and further showed that there exist elements of order 3 12 in π * (W ) . Combining this with the upper bound on exp 3 (J 2 (S 8 )) from Proposition 1.3 proves the following.
The three remaining cases of torsion Lie groups, E 7 and E 8 at the prime 3, and E 8 at the prime 5, have been well studied. Davis [D2] has shown that exp 3 (E 7 ) ≥ 3 19 , exp 3 E 8 ) ≥ 3 30 , and [W] has shown that there is a 5-local equivalence E 8 X × Y where
) ⊗ Λ(x 3 , x 11 , x 27 , x 35 ). Gonçalves [Go] has shown that X is indecomposable. Homologically, it looks as though Y may have K 5 as a factor. At one point Harper claimed this was the case but later agreed with an objection by Kono. The issue was finally resolved by Davis [D2] when he showed that Y was in fact indecomposable. However, there should exist fibrations B (27, 35) 
, in which case the methods of this paper would apply and one should be able to obtain a good, perhaps optimal, upper bound for exp 5 (E 8 ). The cases of E 7 and E 8 at the prime 3 appear more difficult. Kono and Mimura [KM] have shown that both E 7 and E 8 are indecomposable at 3, which makes the computation of a best possible upper bound on their homotopy exponents more involved. In the case of E 7 , however, there is a fibration F 4 −→ E 7 −→ E 7 /F 4 and it is conjectured that E 7 /F 4 is spherically resolved. If so then again our methods apply. On the other hand, the author knows of no such advantageous fibration for E 8 so this case remains problematic.
A method for computing upper bounds on exponents
Typically, an upper bound for the exponent of a space Y is estimated by identifying homotopy fibrations X −→ Y −→ Z in which the exponents of both X and Z are known. Then exp(Y ) ≤ exp(X) · exp(Z). Often, though, this is a poor estimate. This section shows that a better estimate can be obtained in certain cases, in particular for spherically resolved spaces. We then consider some examples.
We begin with the following Lemma, which is a sort of Mayer-Vietoris sequence, and is trivial to prove.
Lemma 2.1. Suppose there is a homotopy pullback diagram
where N is an H-space. Then there is a homotopy fibration
be the map of degree p r . Let S 2n+1 {p r } be its homotopy fiber. By [N] ,
Lemma 2.2. Suppose there is a homotopy fibration
where Y is an H-space and there is a map
Then there is a homotopy fibration
Proof. The homotopy q • i p r results in a homotopy pullback diagram
Apply Lemma 2.1 to get a homotopy fibration
the fibration sequence to the left two steps gives the desired fibration. The exponent consequence follows.
A couple slight modifications of Lemma 2.2 are useful. Both concern altered hypotheses on 
Proof. As in Lemma 2.2.
We now consider some examples of Lemmas 2.2 and 2.3 which play a role in our exponent calculations. Suppose there is a homotopy fibration
where n > m. The (2n + 1)-skeleton of B is the cofiber C of a map f :
Proof. Since f has order p r there is a homotopy cofibration diagram
Since the map B −→ S 2n+1 is an extension of the map C −→ S 2n+1 we have a composition 
The exponent conclusion then follows.
Example 2.5. Let q = 2(p − 1). Let α 1 ∈ π S q−1 (S 0 ) be a generator of the stable stem. Following Mimura and Toda [MT] , for m ≥ 1 define a space B(2m + 1, 2m + q + 1) as the homotopy pullback
where w is the Whitehead product of the identity map on S 2m with itself. Another example involves the filtration of the James construction on spheres. The James construction on a connected space X is a model for ΩΣX. Let J k (X) = (
Of particular interest is the case when X is an even sphere S 2n . Then J (S 2n ) ΩS 2n+1 and, localized at a prime p, there is an EHP fibration
If p = 2 then a similar fibration holds for X = S 2n+1 but at odd primes the second EHP fibration
where T is the Toda map. In [Gr] it was shown that T can be chosen to be an H-map. (S 2n ) be the attaching map whose cofiber is J p (S 2n ).
Lemma 2.7. There is a homotopy commutative diagram
Proof. The proof is standard. One property of the James construction is that any H-map ΩΣX −→ Y into a homotopy associative H-space Y is uniquely determined by its restriction to X. Let
is a composite of H-maps and so is an H-map. Thus T • Ωs is homotopic to ΩS
2np−1 Ωp −→ ΩS 2np−1 , which in turn is homotopic to the p th -power map.
Proof of Proposition 1.3 (that exp(J
T −→ ΩS 2np−1 . By Lemmas 2.7 and 2.3 there is a homotopy fibration
The conclusion follows.
Remark 2.8. The factorization of the p th -power map on ΩS 2np−1 through ΩJ p−1 (S 2n ) also implies 
with P 1 (x) = y and β(y) = z. We wish to find an upper bound for the homotopy exponent of
To do this we want to wrap around K p a suitable homotopy fibration which allows us to use Lemma 2.3. We first record some cohomological information.
The three-connected cover K p 3 of K p is defined by the homotopy fibration
Lemma 3.1. The following hold: Proof. Assume throughout that cohomology is with mod-p coefficients. Recall that
where |x| = 3. Examining the Serre spectral sequence for the fibration
the action of the Steenrod algebra on
survives the spectral sequence, and (4) the elements in (2) and (3) constitute a vector space basis of the (2p 2 + 2p − 1)-skeleton of K p 3 . Since the transgression commutes with the action of the Steenrod algebra, the elements in (2) and (3) will satisfy assertion (b) of the Lemma once we show
Let u = βP 1 x and v = βP p P 1 x. Observe that for degree reasons we have P p+1 (u) = u p . The
Remark 3.2. Using Lemma 3.1 together with the Serre spectral sequence for the fibration K(Z, 2) −→
where β(a) = b and P 1 (b) = c.
4. The exponents of F 4 and E 6 at 3
We first record lower bounds for the homotopy exponents. As mentioned in the Introduction, Bendersky and Davis [BD] showed that exp 3 (F 4 ) ≥ 3 12 and exp 3 (E 6 ) ≥ 3 12 . Theorem 1.2 follows once we show upper bounds on the homotopy exponents match the lower bounds.
Proof of Theorem 1.2: First, Harper [H] showed there is a 3-local equivalence B(11, 15) .
Theorem 1.1 shows that exp 3 (K 3 ) ≤ 3 12 while Example 2.5 shows that exp 3 (B(11, 15)) ≤ 3 8 . Thus exp 3 (F 4 ) ≤ 3 12 . Next, Harris [Hs] showed there is a 3-local equivalence E 6 F 4 × (E 6 /F 4 ).
Bendersky and Davis [BD] showed there is a 3-local equivalence E 6 /F 4 B 2 (9, 17). Example 2.6
shows that exp 3 (B 2 (9, 17)) ≤ 3 9 so the upper bound for the homotopy exponents of E 6 agrees with that of F 4 , and hence exp 3 (E 6 ) ≤ 3 12 .
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